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Abstract:

The purpose of this manuscript is to find the existence and uniqueness of triple fixed point results in the setting of Hilbert spaces
with implicit relations. Moreover, the well-posedness of the tripled fixed point problem of self-mappings in Hilbert spaces is
discussed. Consequently, to promote our paper, an illustrative example is derived.

keywords: Hilbert spaces, tripled fixed points, asymptotically regular sequences, implicit relations, well-posedness.

1 Introduction

After the emergence of Banach’s theorem [1], the
technique and the applications of fixed point (FP) became
very important in several fields of mathematics, statistics,
computer science, engineering, economics, biology, game
theory, chemistry, theory of differential equations, theory
of integral equations, theory of matrix equations,
mathematical economics, etc. (see, [2,3,4,5,6]).

In 2011, the notion of triple fixed points (TFPs) was
initiated by Berinde and Borcut [7]. Moreover, many
authors presented some TFP results for contractive
mappings in several spaces, for more contributions in this
regard, (see [8,9,10,11,12]).

Inner product spaces are a sub-kind of normed spaces
which are older than ordinary normed spaces. Their
theory is more comprehensive and retains many aspects
of Euclidean space. D. Hilbert presented good work in
these special spaces. Many authors have started working
in this field using FP theory techniques (see [13,14,15,
16,17]). Blassi and Myjak [18] defined another approach
to FPs in 1989, called well-posedness of FP problem.
Recently, some results in Hilbert spaces (HSs) using
coupled implicit relations are presented by S. Kim [19],
who discussed the well-posedness of a coupled FP
problem. The concept of well-posedness of a FP problem
for a single-valued mapping was established by several
authors, see [20,21,22,23]. Following the previous
literatures, we introduce TPF theorems for self-mapping
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in HS and present feasible conditions for the existence of
solutions to TFP problems, and discuss a technique for
guaranteeing the well-posedness of TFP problems

2 Preliminaries

In this section, we present some notations and basic
definitions which are useful in this manuscript.

Definition 1.Assume that € is a real linear vector space
with field R.. Suppose : Q — RY satisfies

(DB =0

(2)[|Bll = 0 if and only if B =0,
(3)oBll =lol Bl

WIB -+l <[IBII+IIE]

for all 8,¢ € Q and scalers o € R. Then ||.|| is called
anorm and (£,].]|) is called a linear normed space.

Remark. An inner product on £2 describes a norm on it as

1Bl =/ (B,B)-

Definition 2.Suppose that (R,
normed space. Then,

) is called a linear

()A sequence {Bw} converges to a point f§ € Q if
lim (1B~ Bl =0,
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forall w € N.

(ii)A sequence {Bg} is called a Cauchy sequence if

tim_[Bo B, | = 0.

©,p—o0

forall @, p € N. We say that (£, ||.||) is a Banach space
if every Cauchy sequence is convergent in 2

Remark.HSs are Banach spaces.

Definition 3.We say that a mapping T’ : Q3 — Q s
continuous at some (B,{,8) € Q3 if for any sequences

{.Bw}v{cﬂ)} and {560}a we gEt
F(ﬁwan»5w)—>F(ﬁaCa5),
I' (80,80, Bo) = I'(€,8,B),

and

I' (80,Bw:80) =T (8,B,8), as ® — oo,

where B, — B, {» — § and 54 — 0.

In 2011, Berinde and Borcut [7] presented the idea of
TFPs as a generalization of coupled FPs. Some basic
notions concerning TFPs are given below:

Definition 4./7] Let T : Q3 — Q be a mapping. A point
(B,¢,8) € Q3 is called a TFP of I if

ﬁ:F(ﬁacﬂS)v

¢=rI(£,6.p),
and

6=rI(5,B,8).

The set of all TFPs of I'in Q3is denoted by T (F7.Q3) .

Definition 5./12] Let T',Z : Q3 — Q be mappings. A
point (B,¢,8) € Q3 is called a common TFP of I'and E if

rp.g.6)=p==2(B.¢.9),
r.é,p)=8=2(56p),

and

rs,p,¢)=6==2(8,8,¢).

Example 1.Let Q = [0,00) and " : Q3 — Q be a mapping
given by

re,go6)= w,forallﬁ,é‘ﬁeﬂ.

Then there is a unique TFP of Q, whenever B ={ = 6.
©2024 Sohag University
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Definition 6.4 sequence {By} is said to be an
asymptotically I' —regular sequence in HS if it satisfies

C}}E}ﬂ”ﬁm _F(ﬁw)n =0.

Definition 7.Assume that {By},{Cw} and {8y} are three
sequences in HS, then the triple ({Bo},{Co},{00}) € Q3
is said to be a tripled asymptotically I' —regular if,

Jim [1Bo~ T (Bo, Gw:30) | =0,

CEILT‘LHC(O —TI' (8o, 00;Bo)| =0,

and

(3%”5(0 —F(Sa),ﬁah éa))H =0.

The notion of implicit relation in the framework of FP
theory was introduced by V. Popa [24] in 1999. Now we
introduce a new contribution for such relation as follows:

Definition 8.Suppose that ¢ : R® — R* is a continuous
function and suppose it is non-decreasing in the fifth and
the sixth arguments, we say the following relation is a
tripled implicit relation for any 3,&,8, 1y, o, i3 > 0 if,

(i)

B < (p<u1+;;z+u37ﬁ+3u1’é+3uz7

0+ s
3 b

C+H2,3+H3>,

C§¢<N1+N2+#3 CH+u 6+us

3 T3 3
134;111,6+#37[3+u1>7
and
5<<P(“1+L;2+“3,52“37ﬁ4g“1
aC—;uZaﬁ+Nl7C+N2>~
or
(if)
Bsw(Wﬁ,o,o,m,m),
€§¢<W70,0,0,m7u1),
and

o< ¢ (Wv()?OaOaula“Z) .

Then, there exists a real number o € (0,1) such that
B+C+6 < o(u+p+p3).
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From now, every function fulfills this implicit relation iteratively, we obtain
will be a member of @ —family.

Definition 9.7n HS we say that the pair (I', &) satisfies a Bos1 =T (Bo: Lo S0)

—contraction if for all B,£,8,8*,§*,6* € Q, one can
v(ﬁrite I P08 Cot1 =T (8o,60:Bw)

5w+1 = F(aco;ﬁa)agw)a

IC(B,¢,8)—Z (B¢, 87|
*[12
¢<Hﬁ—ﬁ||+|C;CH o8| -
_ 7 75 2 *_E(B*, *,5* 2
1B—I"(B,S.8)] +!ﬁ (B*.8", 8|l 7 Btz = Z (Bost. Lot Bur1).
-r ,6, 2 *_ = *,6*, N Cw+2:E(Cw+la3w+17Bw+l)a
e =T'(c, 9.5l +!C () ; Sw+2 = E (8w+1:Bot1;Cw+1) -
18— (8,8, +18* — = (8",8*,¢")I
3 ’ Consider
||C*—E(C,é,ﬁ)|\2+|\§—F(C*,6*7ﬁ*)||2
3 ’ 2
|Bw+1—Boll
5 —EZ(8,B,0)|*+ 16— (8%, 8%,¢)|
” (6.8,0) +3|| (0%, 8%, €V >’ () = ”F(Bahgwasa))_E(ﬁw—laga)—l,&o—l)”z

where ¢ € ©—family.

<¢Om-ml?+@—31WW%—%lﬁ

Lemma 1./19] Assume that 2 is HS, then for any positive 1
integer G, we obtain

1Bo I (Bw: So, 80)I” )
+1Bo-1 = Z (Bo-1,o-1,80-1)|°

160 —T (8w, 80, Bo)II’ )
+18o-1 = Z (Co1,80-1,Bo-1)|’

(
(
( 180 =T (8, Bess o) | )
(
(

W |

2
(Bi+Ba++Be) < (BE+B3++B2),
for all By, € Q where ®=1,2,3,--- G.

+||5co 1 — = 5(0 lﬁw lan 1 ||2
3 Main results

||Cw 1_ (Ctm&mﬁw H
+||Cco Ca) 1,30) 17[3(0 1 ||2

)
180 12 Z (80, Bar» o) I” >)

1160 —T (801, Bo—1, 1)

In this section, we present our main results for the
existence and uniqueness of TFPs of a self-mapping by
using rational type contractions equipped with implicit
relation. Also, we introduce a fine condition for
locating TFPs for a sequence of self-mappings in HSs.

W= W= W= W=

Theorem 1.Let O be a closed subset of a HS Q,and I' | & :
03 — D, such that

()I" and E are continuous, =

q,<nﬁw-—ﬁw_12+gw-—gw_uf-+u6w-—6w_uﬁ

3
(2)the pair (I, E) justifies ¢—contraction. 1Bo — Bas1 I + 1Bt — Bol®
Then, I and E have a common TFP in O3. 3
3 10 = Sorll* + [ So-1 = Soll®
Proof.Define By, {y, 8 € O such that for I', = : 03 — O, we o S0+ 3 @ o
have

”6@ - 5a)+1||2+ ||5w71 - 5&)“2
3 b
101 = Sos1I* + 1160 — Soll®

Bi =T (Bo,%0,%), & =TI (o, 0, PBo),
51 = F(aﬂaﬁmg())v

and 3
ﬁZ 5(&»41751) C :E(Clvslvﬁl)v ”36071_5a)+1||2+||560_5a)||2
52 E(5laﬁl>Cl) 3
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- (||Bw—ﬁw_1||2+||«;w—cw_1||2+||5w—5w_1||2 - <||cw—cw_1|2+|6w—6w_12+ﬁw—ﬁw_lnz
- 3 ’ - 3 )
1B = Bo+1> + [ Bo-1 — Boll* 10— Sor11* + 1601 = Sol?
3 ’ 3 :
10— So-11” + 11601 — Lol 180 — 841> + 1801 — 8ol
3 ’ 3 :
180 — 811> + 1|01 — 8o 1B = Bos11> + [1Bo-1 — Boll*
3 ’ 3 )
160 = Co-1 17 + 1160 — Call? 180 — 811> + 1180 — 8o-+1]%,
H5w*5w—1\|2+H5w*5w+1||2,) Hﬁw—ﬁw—1||2+||ﬁw—ﬁw+1||27)
Similarly, we can obtain Again, similarly
2 81— 8ol|*
“§w+1_Cw|| H o+1 wH
- 2
= Hr(gahsa),ﬁw)_E(Cw_l,Sw_17l3m_1)||2 = Hr(aw,ﬁw,gw)*:t(Sa)fl,ﬁw717ga)7])”
2 2 2
<(p<|cw—cwl|2+6w—6w1||2+||/3w—ﬁw1|2 Sw(néw—éw-l 1o~ ot 4o~ Lol
3 )

180 =T (S0, 80, Bo) I” + 1 60-1 — £ (So-1,80-1, Bo-1)|I*
3 )

oo GGl
+||5(D 1—N 6(‘) 1,ﬁw 17C(U I)H

166 — " (8a» Beos o) || + 1801 — Z (81, Bo—1, Go—1) || 1Bo — I (Bos So, 8)|I* )
3 ’ +1Bo-1—Z (Bo-1, 801,80 I)H

d
1
2 2 3<
o — I (Bo, Co: 60 01— E (Bo-1,80-1,80- o =T (Co, %0, Po
1Bo =TI (Ba So: 00) "+ [1Bo—1 = = (Bo-1, So-1,80-1) | ;( 160 =T (§o, 80, Bo) | )
i
i

3 3\l = E (Go1,80-1.Bo )P
|\5w_1—3(6w7ﬁw;5w)|| +||6w_F(6w—1,ﬁw—l’Cw—l)|| ||B(D 1_ O Bwycahsa) H )

= S > r 5 2’ 1B =T (Bo—1,C0-1,801)|*
B ) o1 = G o) ))

+||§a) Cw 176(» lyﬁw l Hz

0 10— Co 117+ 1180 — 8o 112 + | Bo — Bo-1]* .y 180 — 80117+ 1Bo — Bo— 11> + 160 — Co1 |
3 ’ 3 ’

10— Cor1 I+ 1601 = Coll® 180 = 8o1 1% + 1801 — 8ol

3 9 3 b
H5a>—5a>+1“2+”6w—1—6w||2 Hﬁw_ﬁw+l||2+||ﬁw71_ﬁw||2

3 ’ 3 ’
1Bo — Bt 1112 + | Bo-1 — Boll? 10— Cor1 P + 1601 — Lol

3 ’ 3 ’
H6a>—1_6a>+1||2‘~‘||5co_6w||2 Hﬁw—l—Bw+1||2+||ﬁw_ﬁw||2

3 ’ 3 ’
Iﬁwl—ﬁm+1|2+|ﬁw—ﬁwllz> |r:m1—cw+1||2+||cw—cw||2>

3 3
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- (usw-—sw_uf-+nﬁw-ﬁw_uf-+ucw-—cw_uf
— 3 )

180 — 8o+11> + 1|01 — 8ol
3 b

1Bo = Bo+111> + | Bo-1 — Bol®
3 )

10— Sos11” + 1601 = ol
3 b

1B — Bo-11I” +11Bw — o1l
80~ Lot + 1160 — o ).

Using hypothesis (i) of Definition 8, one can write the first
property of ¢ € ®d—family, there is o € (0, 1) such that

1Bos1 = Boll® + 6o+1 = Soll* + |8u+1 — 8ol
< & (1180 = Bo-11*+ 160 = So1 1 +1180 = 801"

With the same manner, we get

||ﬁm+1 ﬁw||2+||Cw+1 Cw||2+||5w+l 5w”2
<ﬁw 1= Bo- ZH + |8 I*Cw 2|| )
- +1180-1— 8p2?
Iteratively,
||ﬁco+1—ﬁw||2+||ca)+1—Cw||2+||5co+l_5w||2

@ (1181 = Boll> + 1161 = Gol*+ 161 — 1)

Using Lemma / and the triangular inequality for any
positive integer ¢, we have

(180~ Boss >+ 1160 — Gorel* + 160 — BuselI”)

(Wwﬁwl+wmlﬁmmf
- + +Hﬁw+g l_ﬁw+g“

O@ Costll+ 11 Cort — %HD2
+-- +HC¢o+g 1_C(JJ+§H

n < 160 — a1 ]| + [ 60+1 — 5w+2||>
oo+ [[Borg 1 = Buel|
1Bo — Bt 111> + | Bot1 —ﬁa)gznz
+oet Hﬁergfl _ﬁergH
(180 = Cort I+ 6wt = oo
2
+o ot [ass—1 = o]

I ||5w*5w+1||2+||5w+1*5co+2H2
2 .
+ oo [[Sotg—1 = Sai

©2024 Sohag University
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g[(”ﬁw ﬁa)+1H +HC{D Cw+1||>
1180 — 8o |
+_<Bw+1ﬁw+22%cw+lcw+zn2>
+60+1 — 5a)+2||2
+ -

4 Hﬁmg 1—3w+g|| +||Cw+g I—Cw+g||
+||80g-1— 5co+€||

< g(a“’—ka“’“—s—---—kawﬂfl)

< (18— BolP +1161— Gll>+ 116 — &)
< 2 (18— Bl + 16— Gl + 15— &1P)

this implies

lim (Hﬁ“’ ﬁw+€H +HC‘0 CW+GH )

S (180 — 8o v’
by applying the fact a € (0,1). Hence,

lim Hﬁco ﬁw-&-g” =0,

W—ro0

lim ||Ca> Cw+€|| =0,

W—roo
and
lim |60 — Soc|’ = 0.

D—ro0

Where O is closed, there is 8,{, 6 € O such that {8,} —
B,{lw} — §and {6y} — 6.

Now, by applying the continuity of I" and =, we obtain
B = lim Bos1 = lim I (B, o, 80) =" (B.£,9)
= (})IEEOE (Bw+17Cw+1a5w+l) =& (ﬁ7C55)7
also
&= al)ig}ocawl = al)i_Ig}oF(Cwasw»ﬁw) =
al)ianE (va 5(07ﬁw) =Z (C767ﬁ) )

r,s.p)

and
6 = al)ilgo6w+l :al)llgor (Swaﬁwvé:w) :F(87B7C)

= C%EEOE (6w+17.860+laé(1)+1) =5 (67ﬁ7C) .
This proves that (§,¢,8) is a common TFP of I" and Z.

Now, to prove the uniqueness, we give the following
corollary:

Corollary 1.Let O be a closed subset of a HS Q, and
I': 9% = O be a continuous mapping which fulfills the
@—contraction. Then, I has a unique TFP in 3.

Sohag J. Sci. 2024, 9(4), 405-414 409
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ProofFor uniqueness, suppose that (B,{,8) € O° is
another TFP of I' such that (,B,C,S) # (B,8,0).
Consider

-]
|r®.c.)-r(5.25)[
<¢(ﬁﬁ2+k52+552

3

1B =T (B.£.8)I*+
3

16T (£,8.8)I>+
3
16 -1 (8,86 +

~112 ~112 ~[12
(s
)]

Similarly, we can obtain
2

—~112 —~112 —~
C22<¢<BB +le=g] +]5-3 |

3

o.00o-3["s-8]").

Again, similarly
2

~112 ~112 ~
oo oo ML A

3

2 ~112
o00s-5[" Je-2').
Using (ii) as ¢ € @, we have
81"+ ¢ 2]+ 53]
N 2 2
< (lo- + -2 < o-T).

©2024 Sohag University
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this leads to
-8+ e[+ s3] <o

12 12
as @ € (0,1). Hence, HB—[SH =0, HC—CH =0, and

12 ~ -
H5—5H = 0, this implies that, B =, { = {, and 6 =

0, which contradicts our assumption. Thus, (8,¢,0) is a
unique TFP of I".

Example 2.Let © = [0,] be a closed subset of a HS R.
Define I" : ©3 — O such that

0, otherwise.

r.co-{ g BzE

Also, we define ¢ : R® — R* such that

(p(ﬁ7Ca5a.ulyu2nu3)
= ﬁ +maX{C’ 57.“‘ ,.UQ,‘U::,}.
It is easy to observe that if § < £ + & then @—contraction

is trivially fulfilled by I".
Consider B > { + &, hence

0 <||13—ﬁ*ll2+||C—3C*II2+|I5—5*I2,

IB=L(B.C.8)*+]1*~I (B8
IIC—F(C,&ﬁ)I2+|3C*—F(C*,5*7l3*)|2,
||5F(5,ﬁ,é)||2+ﬁ5*F(5*,ﬁ*7é*)llz’
IIC*F(C,&B)IlzgllcF(C*76*,B*)|27

18~ (8.8.0)I° + ||5—F(5*,ﬁ*75*)llz>
3 )

0 (IIB—B*II2+IIC—C*2+5—5*|2
3 b

126+ C+381°+ 12" + & + 8

126 +38+BI +9|25* 8+

128 +B +¢|I* +9|25* +B"+ C*Ilz’

3" —(¢—(8 +9ﬁ))||2+9||3é — (¢ —(o" +B*))H27
36" —(6—(B+ C))II2+9||35 —(6"—(B"+ C*))|2> 7

Sohag J. Sci. 2024, 9(4), 405-414 410
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BB PP+ 18- 8
3

2 * * *||2
+max{.ll2ﬁ+é+5|| B8

9

128 +8+ Bl + 128" + 8" +B*||27

126+ B+ C||2+9||25* +B°+ C*Ilz’

13" - (- (8 +9[3))||2 +9H3§ — (& (5 +ﬁ*))ll2’
136" — (6 - (B + C))2+935 — (& = (B + I } ’

L IB=BIP+1E = 1P +115 - 57|
_ ||B—B*I|2+IIC*iCIIZ+Il5*—6||2
II(B—13*)+(C*—3C)+(5*—3)||2
_ II(ﬁ—(C+5))—9(9ﬁ*—(C*+5*))II2
Jroco-r (e

>

Here, we used the fact of the inequality holds with both
possible choices of the maximum value of the
above-mentioned function. Then, all the postulates of
Theorem / are fulfilled, proving that (0,0,0) is a TFP of
r.

RemarkIf 4y =, = pz and B = { = §, then the defined
tripled implicit relation in Definition 8§ would be given as
below:

Assume that ¢ : R® — R is a continuous function and
it is non-decreasing in the fifth and the sixth argument;
then, it verifies implicit relation for all 8, ; > 0, that is, if

(i)

m Bt Bt Bt
ﬁS(P Iy 37573 » 3 > ,
B+, B+

or

(if)
ﬁ S (p(”13070707ﬂ13u1)~

Then, there exists a real number o € (0,1) such that
B <o(u).

Theorem 2.Suppose that O is a closed subset of a HS €2,
and I : 9% — O is a ¢—contraction, then ({Bo, (o, 00 })
is a tripled asymptotically I' —regular and I' has a unique
TFP in Q3 ifand only if T is continuous at its TFP.

©2024 Sohag University sjsci.journals.ekb.eg
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ProofLet (B,{,8) be a TFP of I, this implies
B=I(B,¢.6),
C=r(¢.8.B),

and
60=rI5,B8,0).

Consider three sequences {By},{lw},{0w} € O, such
that By — B, o — §, 0w — 6, and the triple
({Bw},{lw},{0w}) is asymptotically regular of I", this

leads to

Jim [[Bo =TI (Ba S0, 80)[| =0,

Jim [[€o —I" (S, 80, Bo)ll =0,
and

lim |8, —I" (80, o, Cu) | = 0.
Thus,

IT" (Bo: S, 60) =T (B.C.8)I1°

_pI2 2 _sp2
<q,<||ﬂw BIE +1160 —¢IF + 180 =317,

1Bo — I (Ba: S0, 80)|I” + 1B =T (B,£.8)|°
3

)

160 — T (80,80, Bo)I” + 1€ ~ T (£.8.8)|
3 b

180 =T (80, B, So)II* + 16 =" (8,8, 0)II
3 b
1S =T (0,80, Bo)lI” + 160 — T (£,8,B)I
3 b)

||6—r<6w7ﬁw,cw>||2+||6w—r<6,ﬁ,c>|2)
3

1 [ 1T (Bo,Gw,80) —T (B, 6, 8)|
=0 5|+ (o d0.B0) ~T (8.8 |
+ I (80, Bos Co) — T (8.8,0)I

0,0,0,

1( IT(£.8,B) T (0,80, Bo)l® )
T (8 80, Bo) — T (£.8,8)|* )

( I (8,8,8) =T (80, Bws &o)I” ))
+[T" (80, Bws o) =T (8,8, 817
_ ¢(

0,0,0,
I1(£.8.8) =T (8o 80.Bo).
I1°(8.5.2) ~T (3. Bo- Lo) ) -

W= W]

+T (Lo, 80, Bo) — T (£, 8,B)|
T (80, Bor Go) — T (8,807

W =

( IT" (Bo: S, 60) =T (B.C.8) |17 )

Sohag J. Sci. 2024, 9(4), 405-414 411
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Similarly, we have and
IT (40,80 Ba) — T (£,8.B)I17 180 =T (Bar» o> 80) > — 6 =T (8,8, ¢)|I* =0
1T (Ss 80, fo) =T (£, 8, B)]1° .
<o (; (+IF(Sm,Bw,Cw)—F(6,[3,C)||i) ’ This leads to
+ I (Bo, S0y 60) — I (B, €, 0)| lim [|Bo =T (Bo, S 80)l| = 0,
0,0,0,
HF(SyﬁyC)_F(6w7ﬁw7gw)||2> al)igolléw—l"((:wﬁmﬁw)\\:&
I (B.£.8) T (Bo: o, 80)II) - and
tim |8 — I (80, Bo, So) | = 0.
and O—e0
I (80, Bos Co) — T (8,8,

W

2 4 Well-Posedness Theorem
1 HF(S(D»ﬁa)aC(D)_F(SvB»C)H )

<o|z|+IT 80) T 8|
_(p( (+| (Bo: So: 00) (B,5,0)ll In 1989, Blassi and Myjak [18] presented another

2
+ " (8w, 8w: Bo) — I (.6, Bl approach of FPs, called well-posedness of a FP problem.
0,0,0, The concept of well-posedness of a FP problem for a
IC(B,¢,8) =TI (Bw, Lo, 5(0)”27 single-valued mapping can be observed in [18,20,21,22,

23].
I (£,8.8) =T (Cor 80, Bo)1*) -

Now, applying hypothesis (i) of Definition 8 of
¢ € d—family, we get

Now, we establish the well-posedness of a TFP
problem of self-mapping in Corollary /.

Definition 10.Let I be a self-mapping on a HS Q, then
2 3
IT" (Bor: 60, 60) =1 (B, €, 8| ) the FP problem of I is called a well-posed problem if

+ HF (Cﬂh 6007[360) -r (Cﬂ Svﬁ)H

I (80, Bo: So) =T (8.8.)]
IT (Bo: $o,80) =T (B,5,8)| (2)for a sequence {fp} € Q if
< o | + T (o, 60,Bo) ~ T (£.5.B)] | .
I (8a, B Co) — T (8,8, )| Jim [[Bo =T (Bo)ll =0,
Using a € (0, 1) and passing @ — oo, then
I (Bo.a:80) = I'(B.C.9), o 1o = Poll =0.
I' (80,60, Bw) — I'(¢,8.B)

()I has a unique FP By € 2,

Definition 11.Assume that Q is a HS and define I' : Q3 —

and Q. A FP problem on Q3 of a self-mapping T is called a
I'(60,Bw,w) — T (5,8,0). well-posed problem if
Then, I" is continuous at its TFP. (V) has a unique FP By € £,
the other side, let I" be continuous at (B,¢,8) € 03; )
then, from Theorem 1, I has a unique TFP. Now, Assume (2)for asymptotically I'—regular sequences
that {Be},{Cw},{0w} are three sequences such that 3, — {Bo},{Co} {60} €2

B,Llw—C, 8, — &, then as @ — oo,

I' (Bo, Cw: 6w) — I'(B,C,6),
I' (8w, 60, Bw) — I'(£,0,B)

and

p = lim By, = lim Co, & = lim &y,
where (3, E,g) isaTFP of I'.

F(5waﬁw»Cw) %F(éaﬁag)

Also, we have Theorem 3.Let O be a closed subset of a HS Q,and ', E :

O3 — D, such that
1Bo — I (Bw; Co 5w)||2 — BT (B, C:a)Hz =0, ()T is continuous at its TFPs,

2 2 . .
160 —I" (S0, 80, Bo) |~ = 16 =T (S, 8, B)[” =0, (2)I" is a p—contraction,
©2024 Sohag University sjsci.journals.ekb.eg Sohag J. Sci. 2024, 9(4), 405-414 412



Research Article

(3)for any three sequences {Bw},{lw},{0w} and
([3,@,6) € T(I',©), where T is the set of all
common fixed points, we have

Jim [|Bo T (Bo o 90)
= GI)ILILHCLO—F(Cw,awvﬁw)H
= (LI)I_I>I}>Q||6(” —I" (60, Bw, Co)|l = 0.
Then, the TFP problem of I" is well-posed.

Proof.Based on Corollary 7, I' has a unique TFP, say

(Bo,80,00) €T (F,D3) .
Suppose for the sequences {By},{lw},{0w}, we have

Jim I (Ba, §o, 60) — Boll
= lim I (S, 80, Bo) — Lol
= al)grlo ||F (Swaﬁah CCO) - 6(1)” = 0’

such that (8o, &, 0) # (Bw, {w, 0e) for any @ € N. Using
I (Bo, 0, 80) = Po, I (S0, 0, o) = o,
I" (80, Bo, &) = o,
we can write
180 — Boll?
= [IT" (Bo. o, &) — B’
< IIT (Bo: 0. 60) ~ I (B S 8)

+T (Ba, S+ 80) — Boll®
+2<F(ﬁ0aC0750)*F(ﬁw,Cw75w)7F(Bw7Cw75w)*Bw>

<o (||ﬁo—ﬁw|2+|§0—§o|2+|50—5w||27

3
1Bo =T (Bo, G0, 8)II* + 1B, =T (Bos 60 8,) I
||Co—F(CO>507[30)||2+3||Cw—F(vafsw,ﬁw)ﬂz’
||50—F(50>ﬁ0a‘§0)||2+3||5w—F(5w7ﬁw7§w)||27
||Cw—F(Co750,l30)||2ﬂz||§0—F(Cw>5w»ﬁw)||27
||5wF(50,ﬁ07C0N|2+3||50F(5wvﬁw7§m)||2>

+IT (Bos S0, 80) — Bol®
+2<F(ﬁ03C0380)*F(ﬁ(ﬂacwaSw)ar(ﬁahnga(ﬂ)*ﬁw%

where
al)il}l(l}g”ﬁa)_r(ﬁahcahsw)“
= cgil}nw||éw_F(CCO76w,ﬁw)||
= al)lg;“(%—r((swaﬁwvgw)” :07

©2024 Sohag University sjsci.journals.ekb.eg
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for (Bo, §o,6) €T (F,E)3) , we obtain
lim By~ ol

i q,<||ﬁoﬁw||2+||co3cw||2+||socz,{

w—>oo
0,0,0,[1¢— &, >+ 18— ,11) .
Similarly, one can obtain
. 2
gim ([~ Lol

2 2 )
= limq)(”co_éw” 1% =8, "+ 1B —Pol”

3

W—roo
2 2
0,0,0,118— 8, >+ [1Bo — Bol *)
and
lim |8 — 8 |*
W—roo

~im (p<||50—5m||2+||ﬁo—ﬁw||2+||Co—Cm27

3

W—ro0
2
0,0,0,1Bo— B> ++1160— C,lI*)
Thus,
. 2 . 2 . 2
1im (1B — Bol> + Jim 18— Lol + Jim (& — 8|
. 2 . 2
< a( Jim 1By~ Bol> + lim |18~ Lol
lim 18— 8|)
w—>oo
Then,
al)ll)lzoﬁw = Po, al)l_fgo(:w = o and al)l_f>l}m5w = 0o,

which finishes the proof.

5 Conclusions and future work

In this work, we presented some important results for the
existence and uniqueness for TFPs of self-mappings in a
Hilbert space. Also, A well-posedness for tripled
problems using generalized contraction conditions
endowed with implicit relation is discussed. Furthermore,
we gave an example to support our results. We established
functions justifying an implicit relation from R® to R* in
Definition 8. In the future, one can expand such functions
justifying an implicit relation from R" to R™, where
n>17.
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