Research Article SOHAG JOURNAL OF SCIENCES

https://doi.org/10.21608/sjsci.2023.221145.1092

Characterization of Phani Distribution Based on Generalized Order
Statistics

Ali A. A-Rahman?, Ibrahim B. Abdul-Moniem?, Khater A. E. Gad®* and Salwa M. Assar!

! Faculty of Graduate Studies for Statistical Research, Cairo University, Egypt
2 Department of Statistics, Higher Institute of Management Sciences, Sohag, Egypt
* E-mail: khaterelrayany@gmail.com

Received: 71 July 2023 Revised: 8" August 2023 Accepted: 181" August 2023
Published online: 23 September 2023

Abstract: This paper focuses on the derivation of recurrence relations for both single and product moments of generalized order
statistics derived from the Phani distribution. Special attention is given to order statistics and records as specific cases. Additionally,
the characterization of the Phani distribution is achieved by utilizing recurrence relations for single and product moments.
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1. Introduction throughout. If the random variables X(l,n,rﬁ,k),...,

The probability density function (pdf) of a random sample X

is said to have a Phani distribution (PD) if it is in the form: X (n,n,M,k) have a joint pdf of the form, they are called

generalised order statistics (gos) based on F .
A1 X ! n-1 n-1
f(x :ﬂ(ij e (Hj ; 0<x<6 (1) k 4 ( E(x)|"f j F kl,
(x) (0l o—x Hy H[ (x)]"f JLF(%)]

The cumulative distribution function (CDF) and survival for F71(0)<X <. <X £X1<F’1(1) with parameters
function (SF) are: n 2 ,

[XJ/’ neN, n>2, k>0,
_a_aMex) . n-1
a:]:d(X)_l e ) O<x<0, 2 |V|,ZZmi,m=(m1’mzv--’mn71)eRnil' such that
x Y -
lf(x):ea(e_x] : 0<x<0. 3) 7, =k+n—r+M, >0, forall re{l, 2, ..., n—=1}.
Substituting from Eq.(3) in Eq.(1), we get For y,#y;, J=1 for all j,i€(1,2,---,n) Cramer and
p1 3
F(x) = apo ( t j IE(X) Kamps [4] gave the pdf of X(r,n,m,k)by:
(0 o=

fX(r,n,mk ( = f r 12 [ } (r) ©)

£ (x)= f(XW—X)Z[ : Jlﬂ

o306 0— X The joint pdf of X (s,n,M,k) and, X (r,n,m,k)
Using the following binomial expansions isgivenasl<r<s<n

© f N N X, =

_ izeﬂ—v (ﬂ—i—lj(—l)v Xy+1_ﬁf (X) (14) X(s,n,m,k),X(r,n,m,k)( y)
ﬂV:O Vv s (r) If(y) 7i

Another name of this distribution is Wiebull-Uniform C., Z a (S) =
distribution introduced by Bourguignon et al. [1]. Modi and Gill i=r+1 F (X) 5
[2] provide additional information on this distribution and its ) ©)
applications. za (r)[lf(x)]r. f (X f Y)
Kamps [3] introduced the concept of generalised order statistics — i IE(X) |E( y) !

(gos). This concept encompasses a wide range of order models
for random variables.

For the sake of simplicity, let F denote an absolutely
continuous distribution function f with density function f

where X <y and
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1_[L 1<i<r<n,

Jl]’] 7/|

j#i

M) (s)= TT—L

a S)= ,
( ) j]j;!:l]/j_yi

r+1<i<s<n.

It needs to be pointed out that for m =m, =..=m_, =m#-1

~(m +(1;12(r —1)!(: :Ilj ¥

(1) (‘r 1]. ©

a (s

an(s)= (m+1)"""(s—r-1)!
Consequently, the pdf of X (r, n,m, k) in Eq.(5) prevents to
fX(r,n,m,k)(X) =

Cos [F(x)] f(x

m n [F(x)

and joint pdf of X (S, n,m, k) and X (r, n,m, k) given in
Eq.(6) reduces to

fX(s,n,m,k),X(r,n,m,k) (X’ y)
Cou

EETE U R

FOO[FO)]-m[FOT
[FD] 1),

where

:Hyi’ Vi :k+(n_
=L

(©)
It

(10)

X<y

i)(m+1),

1 m+1
1-x -1
h, (X) = m+1( X) m=
—In(1-x), m=-1

and
0, (X)=h,(x)=h,(0), xe[0, 1).

Also, taking X(O,n,m,k)=0. If k=1, m = 0, then

th
X (r,n,m,k) reduces to the (n—l’+1) order statistics,

X -t from the sample X, X,,...,

X, and when m = -1,
then X (r, n,m, k) reduces to the kth record values (Pawlas

and Szynal [5]).The following are the r'" generalised TL-
moments with t, smallest and t, largest trimming:

1D = 250 (77 ) Emiayrsey o0
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(11)
is the expected value of the

t,t, =12,...andr =1,2,..,,
where E ( X

r—i+tr+t +t, )
(r—i-+t,)th order statistics of the random sample of size

(r+t +t,). The case t, =t,=0 yields the original L-

moments defined by [6,7]).

The characterization has been extensively utilized by numerous
researchers in their respective works, encompassing multiple
studies. [8-19]

This paper presents the characterization of PD through the
utilization of a recurrence relation for both single and product
moments of generalized order statistics (GOS).

2. Recurrence relation for single Expectations of
GOS

The single moments of generalised order statistics (GOS) for
PD are calculated in this section. Special cases such as moments
of order statistics, TL-moments, and L-moments can also be
obtained from single GOS moments. Recurrence relations for
GOS single moments are also shown. The resulting expressions
represent single GOS moments for PD.

j X

E[ X' (r,n,m,k)] (x) g, [F(x

r-1

'|'|I

I
C.. T = \\mil
e MUCRUCIE GO

C(m+1) 7 (r-1)

e 51 fetear e

=(m+1) (r=1)1y, +w(m+1
using Eq.(3), we get

E[T!(r,nmk)]=

jcrlg[rw_l)(—

(m+1)" (r=1)!y, +w(m+1)]

s 17, +w(m+1)
.g[ i l:e_a("tt)/ T dt

0

(12)

let a=a[y, +w(m+1)]
e +W(m+1)
_ Tt“ [ea(‘;t]ﬂ ] dt = Tt“ e_a%)ﬂ dt
0 0

First, to obtain |1, the binomial expansion is employed as

follows
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(13)

So, |, is given by
_pi F(ﬂ5+1) (1_ﬂ5)
L =0 Z L(p5+j+1)

From Eq.(12), The smgle moments of gos for PD are
r-1 o _ .
E[T!(r,nmk)]= jc,laizz[rw 1}(—1)“”"
w=0 ¢

' [y, +w(m+1)]" T (85 + )T (1- )
Sim+1)7(r-11  T(B5+]j+1)

This represents the mathematical expression for the single
moments of gos derived from the PD.

(14)

2.1. Moments of Upper Order Statistics

The single moments of generalised order statistics (GOS) for
PD are calculated using equation Eq.(14). In addition,
numerical calculations are performed to determine the mean
and variance of upper order statistics for different parameter
values.

The jth moment of Upper order statistics is found by
putting k=1, m=0 in Eq.(16) as

e(12,0,)- o' 33

a’ [y, +w(m +1)] B
Si(n—r)!(r-1)!

L(Bs+j)T(1-55)
L(Bo+j+1)
Or, by substituting N—r +1=r, the E(TnJ r+1n) will be
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E (T,Jn ) and takes the following form

noss(1)

w=0 &

E(T))=

Sin=r)!(r-1)!
(-1)"’ &’ [y, +w(m+1)]"" (15)

C(ps+j)r(1-ps)
C(Bs+j+1)
Tables 2.1 and 2.2 show the computed mean and variance of
order statistics for the PD, which correspond to different

parameter values.
Table 2.1: Mean of order statistics.

N r a=2, a=1, o =3, o =5,
B=1 B=2, B=2, B=6,
0=4 0=3 0=4 0=8

1|1 1.109 1.313 1.273 3.288

211 0.698 1.082 1.008 3.069

2 1.52 1.544 1.539 3.507

3|1 0.514 0.955 0.870 2.944

2 1.068 1.337 1.284 3.32
3 1.746 1.648 1.666 3.601
4 |1 0.407 0.869 0.780 2.856
2 0.833 1.212 1.139 3.207
3 1.303 1.462 1.429 3.434
4 1.894 1.710 1.745 3.656
5|1 0.337 0.806 0.715 2.789
2 0.685 1.123 1.04 3.125
3 1.055 1.346 1.289 3.330
4 1.469 1.540 1.523 3.503
5 2 1.752 1.80 3.695
6 | 1 0.228 0.756 0.665 2.734
2 0.583 1.055 0.965 3.061
3 0.890 1.260 1.189 3.254
4 1.220 1.431 1.388 3.406
5 1.594 1.594 1.591 3.551
6 2.084 1.784 1.842 3.724
711 0.252 0.715 0.625 2.689
2 0.508 0.999 0.906 3.008
3 0.771 1.193 1.113 3.193
4 1.048 1.350 1.291 3.335
5 1.348 1.492 1.461 3.460
6 1.692 1.635 1.642 3.587
7 2.146 1.809 1.876 3.746

It is worth noting that the results in Table 2.1 are consistent with

the property of order statistics Z":#_. _ rwﬂpresented by David
i=1

and Nagaraja [20].

For example: based on Table 2.1

2
> 4, =0.698+1.52 =2.218,
i=1
and,
211 =2x1.109=2.218,
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2
then Z:Urz = 2,le1, which justify this property.
i=1

Table 2.2: Variance of order statistics

nlr a=2, a=1 a=3, a =5,
£ =1 B=2, B=2, B=6

0=4 6=3 6=4 6=8

111 0.519 0.167 0.217 0.159
211 0.275 0.140 0.159 0.150
2 0.425 0.087 0.133 0.072
311 0.171 0.122 0.129 0.144
2 0.280 0.080 0.106 0.067
3 0.345 0.059 0.098 0.048
411 0.116 0.108 0.109 0.14
2 0.198 0.074 0.091 0.065
3 0.251 0.055 0.080 0.044
4 0.289 0.045 0.079 0.037
511 0.085 0.098 0.095 0.137
2 0.147 0.069 0.080 0.063
3 0.191 0.052 0.070 0.042
4 0.223 0.042 0.064 0.033
5 0.249 0.037 0.067 0.031
61 0.064 0.09 0.084 0.134
2 0.114 0.065 0.072 0.062
3 0.151 0.049 0.063 0.041
4 0.178 0.040 0.057 0.031
5 0.198 0.034 0.054 0.027
6 0.220 0.032 0.059 0.027
711 0.050 0.083 0.076 0.131
2 0.091 0.061 0.066 0.061
3 0.122 0.047 0.058 0.040
4 0.146 0.038 0.052 0.030
5 0.164 0.032 0.048 0.025
6 0.178 0.028 0.047 0.023
7 0.197 0.028 0.053 0.024

2.2. TL Moments

In this subsection, the r' TL- momentand r' L- moment
for the PD are obtained.

The r™ TL- moment can be obtained from (11) and (15) with
J=1n=r+t +t, and n—r+1=r—K+t asfollows:
Tkt e n—r+k—t
E(-I-r—kthl:rthﬁtz):0J Z Z( w 1)
w=0 =0
(-1)" (r+t,+t,)12’ [, +w(m+1)] @
St n—r+k-t)(r—k+t -1)!
C(ps+j)r(1-p5)
C(Bs+ j+1)

h
Then, the r' TL- moment of the PD is obtained by substituting
the previous expectation in Eq.(11) as follows

Furthermore, the r'™ L- moments can be obtained from Eq.(16)
with t, =t, =0 as follows:
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(r+t1+t2)!(—1)k(r_1]
L(tl,lz) _ rrz_l k
r o (n—r+k—t)(r—k+t, -1)!

n-rek—t, o |']_r+k—t1 F(ﬂ5+J)r(1_ﬁ5)
> Z( j r(ps+j+1)

w0 oo
(-1)" (r+t +t,)te’ [y, +w(m+21)]"
Stn—r+k-t)(r-k+t —1)!

t,t,=12,..
andr=12,...

(16)

Furthermore, the r'™ L- moments can be obtained from (16)
with t;, =t, =0 as follows:

L=0S ri(-2)’ (r;j

' S (n—r+k)(r—k-1)!
"Tk&(N—r+k\T(B5+ j)T(1-55)
Z( w j L(B5+ j+1)
(1)’ ria’ [ 7, +w(m +1)T_l
Si(n—r+k)(r-1)!

17)

The first four L-moments can be obtained from Eq.(17) by
taking r=1,2,3and 4 respectively. Using Eq.(16), some

numerical results for L(ltl’tZ),L(ztl’tZ),L(;“tz),L(f‘tZ),Ll,L2,

L3,L4,rl(s’t),7§5't), f't),rl,rz and 7, are obtain in Table
(2.3)

Using Eqg. (15), some numerical results for mean and variance

of order statistics are obtained in Athter, et al. [21].
a=2 B=1 =4

tt (tt) (tty) (tt) (tut2) (t) (tty) (tula)
b L L, L L, T T3 [
(1,1 [ 1068 | 0.235 0.015 0.0055
(22) | 1.055 [ 0165 | 0.0078 | 0.0023
(1) [ 0698 | 0277 0.015 0.0058
(0,2 0.514 0.213 | 0.0071 [ 0.0025 | 6.4 0.047 | 0.014

(1,0) 1.52 0.339 0.04 0.018
(2.0) 1.746 0.295 0.039 0.017
(0,0) 1.109 0.411 0.041 0.019

]

=1 B=2 6=3
(L,1) 1.337 [ 0125 [ -0.009 [ 0.0067
22 1.346 | 0085 | -0.005 | 0.0028
(0,1 1.082 [ 0191 | -0.081 0.017
0,2) 0.955 0.171 -0.007 0.015 15.7 | -0.059 | 0.034
(1,0) 1544 | 0.155 | -0.008 0.012
(2.0) 1.648 | 0124 | 0.0061 | 0.0086
(0,0) 1313 | 0231 | -0.024 0.023
a=3 B=2 6=4
L1 1.284 [ 0145 [ -0.005 0.007

(2.2 1.289 0.1 -0.003 0.003
(0,1 1.008 | 0.207 | -0.023 0.015
0,2) 0.87 0.18 -0.025 0.013 | 129 -0.027 | 0.03
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(1,0) 1539 | 0.91 0.008 0.014
(2.0) 1.666 | 0.158 0.014 0.012
(0,0) 1.273 | 0265 | -0.011 0.024
a=5 B=6 0=8
(1,1) 3.32 0.113 | -0.011 0.008
(2.2) 3.33 0.076 | -0.005 0.003
(0,1) 3.069 | 0188 | -0.041 0.025
0,2) 2.944 0.176 -0.044 0.023 | 43.6 -0.07 | 0.043
(1,0) 3.507 0.14 -0.001 0.013
(2.0) 3601 | 0.111 0.006 0.008
(0,0) 3288 | 0219 | -0.032 0.03

3.Characterization of PD utilized on single

moments of gos

Theorem 2.1 Let X be a non-negative random variable with
an absolutely continuous distribution function F (x) with F (0) =

Oand 0 <F(x) < 1forall X >0, then
E[ X! (r,n,m,k) |-E[ X! (r-1n,mk)|=

o Z@ﬁ I(ﬂ+1j 1)iE[X"”*ﬁ(r,n,rﬁ,k)] (18)

aﬂyr i=0 |
_Q(L]ﬂ
ifand only if. F(x)=e 7

Proof
(i) The necessary part
We have from Lemma 2.3 (see [21]) that

E[£{X(r,nmk)} |-E[&{X (r-Ln,mk)}]=
C. Za < (O[F(

If we let f(x) =X then

E[Xj(r,n,m,k)J—E[xj(r—l,n,rﬁ,k)]z

ic..Ya (r)fx”[ﬁ (x)]" ox
i=1
On using (4) in (12), we gete
E[ X7 (r,n,m k) |-E[ X (r-1,n,m,K)]

_iC Zgﬁ .(ﬂ+1]( oy

:|7i dX

(19)

aﬂyrlo I

_([x"”‘ﬁgai (r)[lf(x)]yifl f (x)dx

Which after simplification leads to Eq.(18).

(ii) The sufficient part

Equation Eq.(5) yields the following result if the recurrence
relation in equation Eq.(18) is satisfied:

X) g [ F(x)]dx—

F x)]yr’r1 f(x)gn?[ F(x)]dx=

N |

~

O ey
>
1
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JCr -1 i (ﬁ"—l] l)l

afy, (r-1)!
x)g;,‘l[F(x)}dx

_gx““ﬂ [If(x)]y

By applying integration by parts to the first term on the left-
hand side, we obtain

-Cr—l fre Fe yr-1 i1y —
o PO e [F (0] e
L

apy, (

J'Xj+i—ﬂ
0

This is implies that

%I XFX)] o [F(%)]
{ aﬁggﬁl(ﬂ. 1]( 1) X £ (x )}dxzo

By employing a generalized version of the Muntz-Szasz
theorem ([22]) to equation Eq.(20), we obtain

Rl (e CIRERI®

X)] () g5 [F(x) ]

(20)

Hence,

7
Q_ ﬁ+lX2 )
'E(X)_(X 1)a9ﬂ -

Integrating both side from 0 to y, we get

E;E ;dx aﬂ@j(—— j . X 2dx

This is implies that

—'”[ﬁ(y)}a{%— jﬂ

Hence
B
F(y)= efa[‘?y] .
Corollary 32. For m=m,=..=m_,=m=-1, the
recurrence relations for single moment of gos for PD is given as
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E[X j (r,n,m,k)]—E[X j (r—l,n,m,k)]z

) S (ﬂflj(_]_)'E[Xj”ﬁ(r,namak)] 1)
affy, i I

Proof. This can easy be deduced from Eq.(11) in view of the
relation Eq.(7).

Remark 3.1 Putting m =0, K =1 in Theorem 2.1., we obtain
recurrence relations for single moments of order statistics as

E(Xra) =B (X /) =

mz ﬁ.(ﬂﬂj( e (x) (22)

i=0
Remark 3.2 Setting m = —1, K =1 in Theorem 2.1., we obtain
the recurrence relations of upper record values as

E[X’(r,n,-12) |-E[ X/ (r-1n,-11)]

s /m[ﬂ 1} YE[X 5 (rn-11)] @3)

kaﬁ-o

4.Characterization of PD based on product
moments of gos

Theorem 2.1 Let X be a non-negative random variable having
an absolutely continuous distribution function F (x) with F (0) =
Oand 0 <F (x) <1forall Xy >0, then

E[Xi(r,n,m,k).Xj(s,n,m,k)]—
E[Xi r,n,m, k).Xj(s—l,n,m,k)}

(24)
E[X (r,n,m,k)X“V‘ﬁ(s,n,m,k)]

)
if and only if. If(x) —p \0-X
Proof

(i) The necessary part
We have from Lemma 3.2 ([21])that

E[&{X (r,nmk).X (s,n,m,k)}]-
C.,

E[&{X (r,nmk).X (s-1nmk)}]= (F-1)(s-1-1)
!% F9]" (g5 [F ()]

[hm<F(y>)—hm<F<x>xT PR avei
where f(x, y):gl(x)gz(y)

If we let §(X, y)= X'y! | then

D —y
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E[X' r,n,m,k Xj(s,n,m,k)]—
[ Cs—z

(r=1)!(s—r-1)!

E[X'(r,n,mk Xj(s—l,n,m,k)]:

9 [F (x)]

(x))]sr IR ()] dyei
On using (4) we get

E[ X'(r.n,mk).X¥(s,n,m,k)]|-
E[Xi (r,n,m,k).X’ (s—l,n,m,k)] =
T S )
ap(r—1)(s—r—1)!
_).:x‘yj*v’ﬂ [If(x)]rn f(x)gn " [F(x)]
[hm (F(y))—h.(F (x))157r71[lf(y)]ys_l f (y)dydx

Which after simplification leads to Eq.(24).

(ii) The sufficient part

If the recurrence relation in equation Eq.(24) is satisfied, then by
using Eq (10), we have

( S r— 1IJXy[F ]mf
[FX]{m[F )] =ha[F () ]}m

[F(y) ] y)dydx = Ces

(r=1)Y(s—r-2)!
F()gn"[F(%)]

ﬁx IE
[

ot—3

ot
tha[F ]h[F ]}Sf”

[F ] dydx
Integrating the flrst term in left hand side by parts, we get
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st—l

(r=1)i(s-r-1)!
Xy [F()]" f(x) g5 [F(x)]
h, [F ()] =, [F ()} [F(

e (B,
:pﬂga ( )tnIIyW” T i

apy, (r-1)!
g5t [F(X)]{hm[F(y)]—hm[F( )] (y)dydx

this is implies that
st—l

7 (r=1)(s-r-1)!

[]XY RO £ (x)an [F(X)]

. FO]-h[FOON [F] (25)
1),

Fw-L S0 (7 yrr)

aﬂvo 1%

7.

|
{

»

x —

(y)]" dydx

dydx =0
Now applying a generalization of the Muntz-Szasz theorem [22]
to equation Eq.(25), we get

a5 ("t

Hence,
p+1
oy vro
F(y)=
7
p+1
2 o
F(¥)= alp

Integrating both side from 0 to x, we get

X f(y) x[e jﬁl ,
——=dy=0p0|| —— y~“dy
[z =y
This is implies that
_ 0 \’

—-In| F =a|—-1

o[F(0]-a{ 2-1]
Hence
If(x)ze_a(“j
Remark 4.1 Putting m=0, K=1 in Eq.(24), we obtain
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recurrence relations for product moments of order statistics as

E [X:’;n]_ EI:X:!—l:n]

BAL) i
_— 6’ “1)E| XA 26

a@(n s+1 ; ( ( ) ': r,sn ]( )
Remark 4.2 Setting M=-1 in Eq(24), we obtain the

recurrence relations for product moments of kth record values
as

=) o) - )
ez (M)

v=0 14

4. Conclusion

In this paper some recurrence relations for single moments of
Upper generalized order statistics for Ph distribution are
derived. Some special moments include the moment of Upper
order statistics, L-moment and TL-moment are obtained.
Numerical values for the mean and variance for the Ph
distribution from Upper order statistics are calculated for some
values of parameters. Furthermore, recurrence relations for
product moments based on Upper generalized order statistics are
discussed. for the Ph distribution. Finally, a characterization of
the Ph distribution in terms of single and product moments.
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